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Answering a question of J. Beck [2], we prove that there exists a graph G on n vertices
with maximum degree three and the size Ramsey number 7#(G) > cn(logn)® where o and
c are positive constants.

For graphs G and F, write F'— G to mean that if the edges of F are
colored by red and blue, then F' contains a monochromatic copy of G.

Erdés, Faudree, Rousseau and Schelp [4] were the first to consider the
question of how few edges F' can have and still F'— G. Following [4], by the
size Ramsey number 7(G), we mean the least integer 7 such that there exists
a graph F with 7 edges for which F — G, i. e., #(G) = min{|F|: F — G}
(where |F| denotes the cardinality of the edge set of F').

Clearly, 7#(K; ) =2n—1, where K, , denotes the star on n+ 1 vertices.
In [1], J. Beck answered a question of P. Erdds [3], proving that there exists
an absolute constant ¢ (¢<900) such that

(1) 7(P,) < cn.

Later in [2], J. Beck raised the following question, which if answered
affirmatively, would give a far reaching generalization to (1).
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Problem. Let G, , be a graph with n vertices and maximum degree r.
Decide whether 7(G,, ) <c(r)n where the constant ¢(r) depends only on .
This has shown to be true when G, , is a cycle [6] or a tree [5].

The aim of this note is to answer Beck’s question showing that the state-
ment above fails already for » = 3. More precisely, we prove the following
theorem:

Theorem 1. There exists positive constants ¢ and «, and a graph G =
(V,E) with |V|=n and maximum degree, A(G)=3 such that

(2) 7(G) > en(logy n)®.

Proof. . Since we believe that the lower bound (2) is quite far from the best
possible, we will make no effort to find the best possible ¢ and a. We will
prove that for n>ng, (2) holds with ¢= % and a= %.

For n sufficiently large, choose m of the form m = 2!~ where ¢t > 3 is an
integer, so that

logy 1 logy 1

——— <m< 44—
logylogom = 7 logylogon
Construction of G. Consider a binary tree B with 14+2+---42!~! vertices
and L(B) be the set of all leafs. Let By and By be two disjoint copies of B
with roots x; and w9 respectively. Let T be a tree defined by

V(T) = V(B1) UV(B2) U{y1, 2}

and

E(T) = E(B1) U E(Bs) U{z1,y1} U{y1,y2} U{x2, 42}
That is, T is a binary tree with 21+1 vertices and rooted edge {y1,y2}. Let
L(T)=L(B1)UL(B3) be a set of all leafs of T

Finally, consider a cycle H ~Cly,, of length 2m and the vertex set V(H)=
L(T).

Considering labeled vertices of L(T) there are clearly % of such cycles
H. Label them H; for i=1,2,..., % For each H;, let Ty, be a copy of T

so that Th,’s are vertex disjoint for distinct ¢’s. For each ¢ < % we also

set I{Ii:HiUTHZ..

_ Let H be the set of all graphs H; constructed above. Note that for each
H; €'H any automorphism ¢ of H; satisfies ¢(E(Ty,;))=E(Tx,). This is due
to the fact that the only vertices of degree two in H; are y; and ys , so they
must be mapped to {y1,y2}. So, 1 and x2 must be mapped to {x1,z2} since
they can’t be mapped to {y1,y2} and if they were mapped anywhere else
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then they wouldn’t be adjacent to ¢(y;) and ¢(y2) respectively. Similarly a
vertex on any level of the tree must be mapped by ¢ to a vertex on that
same level. Thus, in particular, any automorphism of H; is an automorphism
of Thx,. On the other hand, there are

9l.92.92% | | 9271 92" _92m

automorphisms of Ty, ~Ty and hence there are at least

(B2 s (oom) = 2222l s

2m 22m

distinct automorphism types among the graphs H EH.
Observe that
2logg n
mm > ( 10g2 n ) logg logg n _ 22 log, n(1— logg logg logo n)

n
lTogo logg n >n>q:L
logy logy

4m
and without loss of generality assume that {ﬁ 1. Hs,...H ¢} are pairwise non-
isomorphic.

We define G to be a disjoint union of H;,1<i<q. Note that G has at
most n vertices and maximum degree 3 while the minimum degree is two.
This means that

(3) a@) < 2.

Set = %Q(ﬁlogﬁ n) — f—on T and observe that

logo logg n 1
1 1 L
nTm > 2 0len 2" > (Jog) 1) |

Note that Theorem 1 immediately follows from the following.

Fact. If I is a graph of nl edges, then F /— G.

O
Proof of Fact. Set k = 10l. Let Vjg, = {v € V(F),deg(v) > k}. Since
2nl >3 {deg(v),v € Viign } we infer that
n
5
Now we focus on vertices and edges spanned by the set Vi, =V — Viign.
For a set X CVjyy, let F[X] be a subgraph of F' induced by X.

We say that an edge e C Vi, can see a 2m element set S C Vi if
there exists a set R C Vi, |R|=2(1+24...27%) and edge preserving 1—1

Vhigh| <
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mapping (isomorphism into) ¢: T — F[eURUS] such that p({y1,y2})=e
and o(L(T))=S

If moreover H is a cycle of length 2m,V (H) C V},, and for some i=1,2,...q,
pis a 1—1, edge preserving mapping

¢:H; — FleURUV(H)]

such that o({y1,y2}) =€ and p(L(T"))=V (H) we will say that e can see H
by 1.

Fig. 1. The edge e can see H by 1.

Fix an arbitrary edge e C V4. Due to the fact that deg(v) <k for each
v € Viow, there are at most

& 2(1+2+...+2172)
]{32 <2> < k,8m

sets of size 2m that can be seen from e. Since there are no more than k2™
cycles Oy, spanned on any 2m element set S C V(F'), we infer that edge e
can see by some ¢ at most

kSkam — k,lOm

cycles Cop,.
Set Ejoy =FE(F[Viow]) and consider an auxilliary bipartite graph I" with
vertex set

V(I) = Epw U{L,2,...,q}.
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For e€ Ejpy, and i €{1,2,...q} we set {e,i} € E(I') if there exists a cycle H
of length 2m, V(H) C V), so that e can see H by i.
Since degr(e) <k and |Ej,,| <nl, there exists iy with

nlkiom logy 10m

degr(ip) < < 5mlk'™ < 20 (logyn) nism = o(n).

log, logy n

In other words, there exists iy € {1,2,...q} so that the set N (i) of I'-
neighbours of ig (i.e. edges which can see a cycle H ~Cy, by ig) has cardi-
nality o(n).

Coloring F. We color Nr(ig) together with all edges incident to Vyign red.
All remaining edges are colored blue.

Let F' = Fred U Fb"¢ bhe a coloring described above and let 7(F"¢d) =
Min{|W|: W CV(Fred) and enW #0 for all e € E(F?)}. Observe that
T(F"ed) < 2 +o(n) < 2 while 7(G), the minimum number of vertices of
G which are incident to all edges of G satisfies 7(G) = |V(G)| — a(G) =
n—a(G)> %” Consequently, 7(F™%) < 7(G).

Suppose that there is a red copy G™¢ of G. This would, however, mean
that 7(G™?) < 7(F"*?) which is a contradiction.

On the other hand, since all edges that can see a cycle of length 2m by
ig are colored red, ﬁio and consequently G are not subgraphs of Fbtue,

O

Concluding Remark. Set 7#(n,A) = Mazgr(G), where the maximum is
taken over all graphs G with n vertices and maximum degree A. We conjec-
ture that for any A>3 there is € >0 such that

nite < #(n, A) < n®7F
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